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ON A CONJECTURE OF LAN-SHENG-ZUO ON SEMISTABLE
HIGGS BUNDLES: RANK 3 CASE
LINGGUANG LI
Abstract. Let X be a smooth projective curve of genus g over an alge-
braically closed field k of characteristic p > 2. We prove that any rank 3 nilpo-
tent semistable Higgs bundle (E, θ) on X is a strongly semistable Higgs bundle.
This gives a partially affirmative answer to a conjecture of Lan-Sheng-Zuo [8]∗.
In addition, we prove a tensor product theorem for strongly semistable Higgs
bundles with p satisfying some bounds (Theorem 4.3). From this we reprove
a tensor theorem for semistable Higgs bundles on the condition that the Lan-
Sheng-Zuo conjecture holds (Corollary 4.4).
1. Introduction
N. Hitchin [5], K. Corlette [3][4] and C. Simpson [13][15] have established a
correspondence between semistable Higgs bundles and representations of the fun-
damental groups on arbitrary dimensional complex projective manifolds. In order
to establish an analogous correspondence in positive characteristic, Lan-Sheng-Zuo
[8] introduced intermediate notions strongly semistable Higgs bundles and quasi-
periodic Higgs bundles between semistable Higgs bundles and representations of
algebraic fundamental groups, where strongly semistable Higgs bundles is a gener-
alization of the notion of strongly semistable vector bundles in the sense of Lange-
Stuhler [11]. They constructed a functor from the category of strongly semistable
Higgs bundles with trivial Chern classes to the category of crystalline represen-
tations of fundamental groups, and showed that any rank 2 nilpotent semistable
Higgs bundle is a strongly semistable Higgs bundle (cf. [8]). In addition, they made
the following conjecture.
Conjecture. Any nilpotent semistable Higgs bundle of exponent less than the char-
acteristic of base field is a strongly semistable Higgs bundle.
In this paper, we show that any rank 3 nilpotent semistable Higgs bundle is a
strongly semistable Higgs bundle. This gives an affirmative answer to the conjecture
of Lan-Sheng-Zuo [8] in the rank 3 case.
Theorem 1.1 (Theorem 3.3). Let k be an algebraically closed field of character-
istic p > 2, X a smooth projective curve over k. Let (E, θ) be a rank 3 nilpotent
semistable Higgs bundle on X. Then (E, θ) is a strongly semistable Higgs bundle.
∗Very recently, A. Langer [1] and independently Lan-Sheng-Yang-Zuo [9] has proven the con-
jecture for ranks less than or equal to p case.
This work is supported by the SFB/TR 45 ’Periods, Moduli Spaces and Arithmetic of Alge-
braic Varieties’ of the DFG, and partially supported by the National Natural Science Foundation
(No. 11271275).
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In fact, the theorem above is also true in higher dimension since the proof is
valid in the higher dimension case. With the results of Lan-Sheng-Zuo [8], the
theorem above implies that we can construct crystalline representations of funda-
mental groups associated to rank 3 nilpotent semistable Higgs bundles with trivial
Chern classes.
By the equivalence of strongly semistable Higgs bundles and quasi-periodic Higgs
bundles over an algebraic closure of finite fields, we can prove the following tensor
product theorem for strongly semistable Higgs bundles with trivial Chern classes.
Theorem 1.2 (Theorem 4.3). Let k be the algebraic closure of finite fields of
characteristic p > 0, and X a smooth projective curve over k. Let (E1, θ1) and
(E2, θ2) be strongly semistable Higgs bundles on X with degree 0. Suppose that
rk(E1) + rk(E2) ≤ p+1. Then the tensor product (E1 ⊗E2, θ1⊗ 1+ 1⊗ θ2) is also
a strongly semistable Higgs bundle.
Professor Kang Zuo explained to me that the idea in the proof is a flavor of a
characteristic p analog to the complex number field case. Over the complex number
field, S. K. Donaldson, N. Hitchin and C. Simpson showed that a Higgs bundle is
poly-stable if and only if it carries a Yang-Mills-Higgs metric (for semistable Higgs
bundles one has the so-called approximated Yang-Mills-Higgs metric). If the degree
of this vector bundle is zero, then one shows that the tensor product of Yang-Mills-
Higgs metrics is again a Yang-Mills-Higgs metric. In this way, one proves the
above theorem over the complex number field. For the characteristic p case, the
solution of Lan-Sheng-Zuo conjecture just means that any semistable Higgs bundle
in characteristic p of degree zero carries a characteristic p Yang-Mills-Higgs metric.
The above theorem can be interpreted as the tensor product of Yang-Mills-Higgs
metrics in characteristic p is again a Yang-Mills-Higgs metric in characteristic p.
If the Lan-Sheng-Zuo conjecture is true, one can reprove a tensor theorem for
semistable Higgs bundles (cf. [2, Theorem 8.16]).
Corollary 1.3 (Corollary 4.4). Suppose that Lan-Sheng-Zuo conjecture is true, i.e.
any nilpotent semistable Higgs bundle of exponent less than the characteristic of base
field is strongly Higgs semistable. If (E1, θ1) and (E2, θ2) are nilpotent semistable
Higgs bundles on X with degree 0 and rk(E1) + rk(E2) ≤ p + 1, then the tensor
product (E1 ⊗ E2, θ1 ⊗ 1 + 1⊗ θ2) is also Higgs semistable.
2. Preliminary
Let X/C be a smooth projective scheme over the complex number field, (E,∇)
a de Rham bundle on X which satisfies suitable conditions. C. Simpson [13] con-
structed a Higgs bundle (E′, θ) associated to (E,∇). Later A. Ogus and V. Volo-
godsky [12] established a correspondence between category of de Rham bundles and
category of Higgs bundles in positive characteristic using the theory of Azumaya
algebra and certain universal algebra. Lan-Sheng-Zuo [7] gave a explicit construc-
tion of inverse Cartier transform for nilpotent Higgs bundles of exponent ≤ p − 1
which is equivalent to the correspondence in [12].
Now, let’s first recall the definitions of strongly semistable Higgs bundle and
quasi-periodic Higgs bundle. Let k be an algebraically closed field of characteristic
p > 0, X a smooth projective curve of genus g over k, and F : X → X the absolute
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Frobenius morphism. A Higgs-de Rham sequence over X is a sequence of form
(H0,∇0)
GrFil0
%%❑❑
❑❑
❑❑
❑❑
❑❑
(H1,∇1)
GrFil1
##❍
❍❍
❍❍
❍❍
❍❍
❍❍
(E0, θ0)
C−1
99ssssssssss
(E1, θ1)
C−1
99ssssssssss
. . .
where C−1 is the inverse Cartier transform, Fili is a decreasing filtration on Hi
satisfies Griffiths transversality, (Hi,∇i) = C
−1(Ei, θi) is a de Rham bundle and
(Ei, θi) = GrFili−1 (Hi−1,∇i−1) is a Higgs bundle on X .
Definition 2.1. A Higgs bundle (E, θ) is called strongly Higgs semistable if it ap-
pears in the leading term of a Higgs-de Rham sequence whose Higgs terms (Ei, θi)s
are all Higgs semistable.
Remark 2.2. The definition of strongly Higgs semistable has been modified in the
new version ([10, Definition 2.2]) of the Definition 2.1 in [8]. But this does not
affect our proof below.
Definition 2.3. A Higgs bundle (E, θ) is called quasi-periodic if it appears in the
leading term of a quasi-periodic Higgs-de Rham sequence, i.e., it becomes periodic
after a nonnegative integer.
Lemma 2.4. Let k be an algebraically closed field, X a smooth projective curve
over k. Let (H,∇) be a ∇-semistable flat bundle on X, H ′ a subsheaf of H with
µ(H ′) > µ(H). Then the homomorphism H ′ → (H/H ′)⊗OX Ω
1
X is non-trivial.
Proof. Suppose that H ′ is invariant under ∇, then µ(H ′) ≤ µ(H) by the ∇-
semistability of (H,∇). A contradiction. 
Remark 2.5. Suppose that the characteristic of k is p > 0. Let (E, θ) be a nilpotent
semistable Higgs bundle of exponent ≤ p− 1 on X and (H,∇) := C−1(E, θ). Then
(H,∇) is ∇-semistable by [12, Theorem 2.8].
3. Rank 3 semistable Higgs Bundles are Strongly Higgs semistable
In this section, unless otherwise explicitly declared, we have the following nota-
tions and assumptions:
Let k be an algebraically closed field of characteristic p > 0, X a smooth pro-
jective curve of genus g ≥ 0 over k, and (E, θ) a rank 3 nilpotent semistable Higgs
bundle of exponent ≤ p− 1 on X . Denote (H,∇) := C−1(E, θ), where C−1 is the
inverse Cartier transform constructed in [12] and [7]. We would like to construct
a Hodge filtration {FiliH} of H with respect to the connection ∇ such that the
grading GrFil∗
H
(H,∇) is a semistable Higgs bundle.
Suppose that H is a semistable bundle, we can choose the trivial filtration Filtri
on H , then there is nothing need to prove. We assume that H is not a semistable
bundle. Let S ⊆ H (resp. H ։ Q) be the subbundle (resp. quotient bundle) of H
with maximal (resp. minimal) slope in the Harder-Narasimhan filtration of H .
Proposition 3.1. Let Q′ := H/S, θ : S →֒ H
∇
→ H ⊗OX Ω
1
X ։ Q
′ ⊗OX Ω
1
X the
natural homomorphism, and S˜ the saturation of Im(θ)⊗OX TX in Q
′. Suppose that
rk(S) = 1 and µmax(Q
′) ≤ µ(H). Then
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(I) If µ(Q′/S˜) ≤ µ(H), then (S ⊕ S˜ ⊕ (Q′/S˜),
2⊕
i=1
θi) is a semistable Higgs bundle;
(II) If µ(Q′/S˜) ≥ µ(H), then (S ⊕Q′, θ) is a semistable Higgs bundle.
Proof. For the case µ(H) = 0, the assumption of this proposition can be explained
in the following diagram (The general case is similar to the slope zero case after
rotate this diagram along the origin).
✲
✻
rank
deg
 
 
 
 
S
❳❳❳
❩
❩
❩
Harder-Narasimhan
filtration of H
❩
❩
❩
❩❳❳❳❳
I
S˜
✻
❄
❆
❆
❆
❆
❆
❆
❆
❆ 
 
 
 
II
Q′/S˜
✻
❄
(I) Let F be a nonzero Higgs subsheaf of (S ⊕ S˜ ⊕ (Q′/S˜),
2⊕
i=1
θi).
Case I.i: The composition F →֒ S⊕S˜⊕(Q′/S˜)։ Q′/S˜ is trivial, i.e. F ⊂ S⊕S˜.
Suppose that rk(F ) = 1. Then the composition F →֒ S ⊕ S˜ ։ S˜ is not trivial.
Otherwise, we have F ⊂ S, this contradicts to the fact that θ1 : S →֒ S˜ ⊗OX Ω
1
X is
injective by Lemma 2.4. Thus µ(F ) ≤ µ(S˜) ≤ µmax(Q
′) ≤ µ(H).
Suppose that rk(F ) = 2. Then we can get that θ2 : S˜ →֒ (Q′/S˜) ⊗OX Ω
1
X is
trivial and µ(Q′/S˜) = µ(H). Thus µ(F ) ≤ µ(S ⊕ S˜) = µ(H).
Case I.ii: The composition F →֒ S ⊕ S˜ ⊕ (Q′/S˜)։ Q′/S˜ is not trivial.
Suppose that rk(F ) = 1. Then the injection F →֒ S ⊕ S˜ ⊕ (Q′/S˜) ։ Q′/S˜
implies that µ(F ) ≤ µ(Q/S˜) ≤ µ(H).
Suppose that rk(F ) = 2. Then rk(F ∩ (S ⊕ S˜)) = 1 and the composition
F ∩ (S ⊕ S˜) →֒ S ⊕ S˜ ։ S˜ is injective, since θ1 : S →֒ S˜ ⊗OX Ω
1
X is injective by
Lemma 2.4. Consider the commutative diagram
0 // F ∩ (S ⊕ S˜) //
 _

F // _

F/(F ∩ (S ⊕ S˜)) //
 _

0
0 // S ⊕ S˜ // S ⊕ S˜ ⊕ (Q′/S˜) // Q′/S˜ // 0.
Then we have
µ(F ) =
1
2
[µ(F ∩ (S ⊕ S˜)) + µ(F/(F ∩ (S ⊕ S˜)))]
≤
1
2
[µ(S˜) + µ(Q′/S˜)]
< µ(H).
Hence (S ⊕ S˜ ⊕ (Q′/S˜),
2⊕
i=1
θi) is a semistable Higgs bundle.
(II) Let F be a nonzero Higgs subsheaf of (S ⊕ Q′, θ). Then the composition
F →֒ S ⊕Q′ ։ Q′ is not trivial, since θ : S →֒ Q′ ⊗OX Ω
1
X is not trivial by Lemma
2.4.
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Suppose that rk(F ) = 1. Then the injection F →֒ S ⊕ Q′ ։ Q′ implies that
µ(F ) ≤ µmax(Q
′) ≤ µ(H).
Suppose that rk(F ) = 2. If the composition F →֒ S ⊕Q′ ։ Q′ is injective, then
µ(F ) ≤ µ(Q′) < µ(H). If the composition F →֒ S ⊕Q′ ։ Q′ is not injective, then
rk(F ∩ S) = rk(F ∩Q′) = 1. Consider the following commutative diagram
F
θ //
 _

F ⊗OX Ω
1
X _

S ⊕Q′
θ //
p1

(S ⊕Q′)⊗OX Ω
1
X
S
  θ // S˜ ⊗OX Ω
1
X ⊂ Q
′ ⊗OX Ω
1
X
?
i2⊗idΩ1
X
OO
where p1 : S⊕Q
′ → S is the natural projection and i2 : Q
′ →֒ S⊕Q′ is the natural
injection. Thus F ∩ S˜ 6= 0. Therefore, the saturations of F ∩ S˜ and F ∩Q′ in Q′ are
the same, since F ∩ S˜ ⊆ F ∩ Q′ with rk(F ∩ S˜) = rk(F ∩ Q′) = 1. It follows that
F ∩Q′ ⊆ S˜, since F ∩ S˜ ⊆ S˜ and S˜ is a subbundle of Q′. Consider the commutative
diagram
0 // F ∩Q′ // _

F // _

F/(F ∩Q′) //
 _

0
0 // Q′ // S ⊕Q′ // S // 0.
Then we have
µ(F ) =
1
2
[µ(F ∩Q′) + µ(F/(F ∩Q′))]
≤
1
2
[µ(S˜) + µ(S)]
=
1
2
[3µ(H)− µ(Q′/S˜)]
≤ µ(H).
Hence (S ⊕Q′, θ) is a semistable Higgs bundle. 
Proposition 3.2. Let S′ := ker(H ։ Q), θ : S′ →֒ H
∇
→ H⊗OX Ω
1
X ։ Q⊗OX Ω
1
X
the natural homomorphism, and K := ker(θ : S′ → Q ⊗OX Ω
1
X). Suppose that
rk(Q) = 1 and µmin(S
′) ≥ µ(H). Then
(I) If µ(K) ≤ µ(H), then (S′ ⊕Q, θ) is a semistable Higgs bundle;
(II) If µ(K) ≥ µ(H), then (K ⊕ (S′/K)⊕Q,
2⊕
i=1
θi) is a semistable Higgs bundle.
Proof. For the case µ(H) = 0, the assumption of this proposition can be explained
in the following diagram (The general case is similar to the slope zero case after
rotate this diagram along the origin).
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✲
✻
rank
deg
❅
❅
❅
❅
Q
✚
✚
✚
✘✘
✘
Harder-Narasimhan
filtration of H
✘✘✘
✘✚
✚
✚
✚
II
S′/K
✻
❄
✁
✁
✁
✁
✁
✁
✁
✁
❅
❅
❅
❅
I
K
✻
❄
(I) Let F be a nonzero Higgs subsheaf of (S′ ⊕Q, θ).
Suppose that rk(F ) = 1. If the composition F →֒ S′ ⊕ Q ։ Q is not trivial,
then µ(F ) ≤ µ(Q) < µ(H). If the composition F →֒ S′ ⊕ Q ։ Q is trivial, then
F ⊆ K since K = ker(S′ → Q⊗OX Ω
1
X). Thus µ(F ) ≤ µ(K) ≤ µ(H).
Suppose that rk(F ) = 2. Then the composition F →֒ S′ ⊕Q։ Q is not trivial.
Consider the commutative diagram
0 // F ∩ S′ // _

F // _

F/(F ∩ S′) //
 _

0
0 // S′ // S′ ⊕Q // Q // 0.
Therefore, we have
µ(F ) =
1
2
[µ(F ∩ S′) + µ(F/(F ∩ S′))] ≤
1
2
[µmax(S
′) + µ(Q)]
=
1
2
[3µ(H)− µmin(S
′)]
≤ µ(H).
Hence (S′ ⊕Q, θ) is a semistable Higgs bundle.
(II) Let F be a nonzero Higgs subsheaf of (K ⊕ (S′/K)⊕Q,
2⊕
i=1
θi).
Suppose that rk(F ) = 1. If the composition F →֒ K ⊕ (S′/K)⊕ Q ։ Q is not
trivial, then µ(F ) ≤ µ(Q) < µ(H). If the composition F →֒ K ⊕ (S′/K)⊕Q։ Q
is trivial, then F ⊆ K ⊂ K ⊕ (S′/K) since (S′/K) → Q ⊗OX Ω
1
X is injective by
Lemma 2.4. In this case, we must have µ(K) = µ(H). Otherwise, if µ(K) > µ(H),
then K → (S′/K)⊗OX Ω
1
X is injective by Lemma 2.4. This controdicts to F ⊆ K.
Thus µ(F ) ≤ µ(K) = µ(H).
Suppose that rk(F ) = 2. Then the composition F →֒ K ⊕ (S′/K)⊕ Q ։ Q is
not trivial, since θ2 : (S′/K) →֒ Q⊗OX Ω
1
X is injective. Moreover, we have
µ(F ∩ (K ⊕ (S′/K))) ≤ µ(S′/K).
In fact, if µ(K) > µ(H), then the homomorphism θ1 : K →֒ (S′/K) ⊗OX Ω
1
X
is injective by Lemma 2.4. In this case, the composition F ∩ (K ⊕ (S′/K)) →֒
K ⊕ (S′/K) ։ S′/K is not trivial, then µ(F ∩ (K ⊕ (S′/K))) ≤ µ(S′/K). If
µ(K) = µ(H), then
µ(F ∩ (K ⊕ (S′/K))) ≤ µmax(K ⊕ (S
′/K)) = µ(S′/K).
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Consider the commutative diagram
0 // F ∩ (K ⊕ (S′/K)) //
 _

F // _

F/(F ∩ (K ⊕ (S′/K))) //
 _

0
0 // K ⊕ (S′/K) // K ⊕ (S′/K)⊕Q // Q // 0.
Therefore, we have
µ(F ) =
1
2
[µ(F ∩ (K ⊕ (S′/K))) + µ(F/(F ∩ (K ⊕ (S′/K))))]
≤
1
2
[µ(S′/K) + µ(Q)]
=
1
2
[3µ(H)− µ(K)]
≤ µ(H).
Hence (K ⊕ (S′/K)⊕Q,
2⊕
i=1
θi) is a semistable Higgs bundle. 
Combine Proposition 3.1 with Proposition 3.2, we can get the following theorem
which is the main result of this section.
Theorem 3.3. Let k be an algebraically closed field of characteristic p > 2, X a
smooth projective curve over k. Let (E, θ) be a rank 3 nilpotent semistable Higgs
bundle on X and (H,∇) := C−1(E, θ). Then there is a Hodge filtration {Fil∗H}
of (H,∇) such that the grading GrFil∗
H
(H,∇) is a semistable Higgs bundle. In
particular, (E, θ) is a strongly semistable bundle.
Proof. Assume that H is semistable, we can choose the trivial filtration of (H,∇).
Otherwise, it is easy to check that H must satisfy one of the following cases
(i) rk(S) = 1 and µmax(H/S) ≤ µ(H);
(ii) rk(Q) = 1 and µmin(ker(H ։ Q)) ≥ µ(H);
where S ⊆ H (resp. H ։ Q) is the subbundle (resp. quotient bundle) with
maximal (resp. minimal) slope in the Harder-Narasimhan filtration of H .
In the case (i), we use the notation as Proposition 3.1. If µ(Q′/S˜) ≤ µ(H), we
choose the Hodge filtration
0 ( S ( ker(H ։ Q′ ։ (Q′/S˜)) ( H.
If µ(Q′/S˜) ≥ µ(H), we choose the Hodge filtration
0 ( S ( H.
Then their gradings are semistable Higgs bundles by Proposition 3.1.
In the case (ii), we use the notation as Proposition 3.2. If µ(K) ≤ µ(H), we
choose the Hodge filtration
0 ( S′ ( H.
If µ(K) ≥ µ(H), we choose the Hodge filtration
0 ( K ( S′ ( H.
Then their gradings are semistable Higgs bundles by Proposition 3.2.
Since the grading GrFil∗
H
(H,∇) is a system of Hodge bundle of rank 3, it is
a nilpotent semistable Higgs bundle of exponent ≤ 2. Then we can construct
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inductively a Higgs-de Rham sequence with leading term (E, θ) such that every
Higgs bundle term is Higgs semistable. Hence (E, θ) is a strongly semistable bundle.

4. Tensor Product of Strongly semistable Higgs Bundles
In characteristic 0 case, the tensor product of two semistable vector bundles
is still semistable by Kobayashi-Hitchin correspondence. The Kobayashi-Hitchin
correspondence in the setting of Higgs bundles has been generalized in a number
of ways starting with the far reaching one by C. Simpson [13] and [14]. Thus the
Higgs semi-stability of tensor product of two semistable Higgs bundles follows from
the Higgs bundles version of the Kobayashi-Hitchin correspondence.
In the characteristic p > 0 case, tensor product of two semistable vector bundles
need not be semistable. However, S. Ilangovan, V. B. Mehta, A. J. Parameswaran
[6] showed that if E1 and E2 are semistable vector bundles with rk(E1) + rk(E2) ≤
p + 1, then E1 ⊗ E2 is still a semistable vector bundle. Later, V. Balaji, A.
J. Parameswaran [2] generalized the theorem of Ilangovan-Mehta-Parameswaran
to the Higgs bundles case, and proved the following tensor product theorem for
semistable Higgs bundles.
Theorem 4.1. [2, Theorem 8.16] Let k be an algebraically closed field of char-
acteristic p > 0, X a smooth projective curve over k. Let (E1, θ1) and (E2, θ2)
be semistable Higgs bundles on X with det(Ei) ∼= OX , i = 1, 2. Suppose that
rk(E1) + rk(E2) ≤ p+1. Then the tensor product (E1 ⊗E2, θ1⊗ 1+ 1⊗ θ2) is also
a semistable Higgs bundle.
The approach of V. Balaji, A. J. Parameswaran [2] is very complicated. In this
section, we will give another more simple approach to prove a suitable modification
of tensor product theorem for strongly semistable Higgs bundles.
In this section, unless otherwise explicitly declared, k is an algebraic closure of
finite fields of characteristic p > 0, and X a smooth projective curve over k.
Lemma 4.2. [8, Theorem 2.5] A Higgs bundle (E, θ) with trivial Chern classes is
quasi-periodic if and only if (E, θ) is strongly Higgs semistable.
One can easily induce the following tensor theorem for strongly semistable bundle
by the equivalence of strongly semistable Higgs bundles and quasi-periodic Higgs
bundles.
Theorem 4.3. Let k be the algebraic closure of finite fields of characteristic p > 0,
and X a smooth projective curve over k. Let (E1, θ1) and (E2, θ2) be strongly
semistable Higgs bundles on X with degree 0. Suppose that rk(E1)+rk(E2) ≤ p+1.
Then the tensor product (E1⊗E2, θ1⊗1+1⊗θ2) is also a strongly semistable Higgs
bundle.
Proof. Since the exponent of a nilpotent Higgs bundle less than its rank. Therefore,
rk(E1) + rk(E2) ≤ p + 1 implies that (E1, θ1) ⊗ (E2, θ2) and (Ei, θi)(i = 1, 2) are
nilpotent Higgs bundles of exponent ≤ p − 1. By Lemma 4.2, we have quasi-
periodic Higgs-de Rham sequences {(E
(i)
j , θ
(i)
j ), (H
(i)
j ,∇
(i)
j , F il
(i)
j )}j∈Z≥0 such that
(E
(i)
0 , θ
(i)
0 )
∼= (Ei, θi), i = 1, 2. Since inverse Cartier transform C
−1 preserve tensor
structures, we have
C−1((E
(1)
0 , θ
(1)
0 )⊗(E
(2)
0 , θ
(2)
0 ))
∼= C−1(E
(1)
0 , θ
(1)
0 )⊗C
−1(E
(2)
0 , θ
(2)
0 ) = (H
(1)
0 ,∇
(1)
0 )⊗(H
(2)
0 ,∇
(2)
0 ).
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Then there is a Hodge filtration Fil0 on (H
(1)
0 ,∇
(1)
0 )⊗ (H
(2)
0 ,∇
(2)
0 ) such that
GrFil0 ((H
(1)
0 ,∇
(1)
0 )⊗ (H
(2)
0 ,∇
(2)
0 ))
∼= Gr
Fil
(1)
0
(H
(1)
0 ,∇
(1)
0 )⊗GrFil(2)0
(H
(2)
0 ,∇
(2)
0 ).
Thus we have Gr◦C−1((E
(1)
0 , θ
(1)
0 )⊗(E
(2)
0 , θ
(2)
0 ))
∼= (E
(1)
1 , θ
(1)
1 )⊗(E
(2)
1 , θ
(2)
1 ). Hence
we can construct inductively a Higgs-de Rham sequence with Higgs bundles terms
{(E
(1)
j , θ
(1)
j )⊗ (E
(2)
j , θ
(2)
j )}j∈Z≥0 . As {(E
(i)
j , θ
(i)
j ), (H
(i)
j ,∇
(i)
j , F il
(i)
j )}j∈Z≥0(i = 1, 2)
are quasi-periodic Higgs-de Rham sequences, then {(E
(1)
j , θ
(1)
j )⊗ (E
(2)
j , θ
(2)
j )}j∈Z≥0
is also a quasi-periodic Higgs bundles sequence. Hence
(E1, θ1)⊗ (E2, θ2) = (E1 ⊗ E2, θ1 ⊗ 1 + 1⊗ θ2)
is a strongly semistable Higgs bundles by Lemma 4.2. 
As a consequence from the tensor product theorem for strongly semistable Higgs
bundles, one can reprove the tensor product theorem for semistable Higgs bundles
if the Lan-Sheng-Zuo conjecture is true.
Corollary 4.4. Suppose that Lan-Sheng-Zuo conjecture is true, i.e. any nilpotent
semistable Higgs bundle is strongly Higgs semistable. If (E1, θ1) and (E2, θ2) are
nilpotent semistable Higgs bundles on X with degree 0 and rk(E1)+rk(E2) ≤ p+1,
then the tensor product (E1 ⊗ E2, θ1 ⊗ 1 + 1⊗ θ2) is also Higgs semistable.
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